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ASSOCIATED WITH SWINNERTON-DYER’S CUBIC FORM
YOSHINOSUKE HIRAKAWA
Abstract. In this paper, we imitate a classical construction of a counterexample to
the local-global principle of cubic forms of 4 variables which was discovered first by
Swinnerton-Dyer (Mathematica (1962)). Our construction gives new explicit families of
counterexamples in homogeneous forms of 4, 5, 6, ..., 2n+ 2 variables of degree 2n+ 1 for
infinitely many integers n. It is contrastive to Swinnerton-Dyer’s original construction
that we do not need any concrete calculation in the proof of local solubility.
1. Introduction
In number theory, it is one of the most classical subjects to determine the set of solutions
of a given algebraic equation in the field Q of rational numbers. In particular, it is
important as the first step to determine whether a given equation has a (non-trivial)
rational solution or not.
The first non-trivial objects are quadratic polynomials, and this case culminates with
a classical theorem of Minkowski (cf. [13, Theorem 8, Ch. IV]) which (essentially) states
that every quadratic homogeneous polynomial (i.e., quadratic form) with coefficients in
Q has a non-trivial root in Q if and only if it has a non-trivial root in the field R of real
numbers and the field Qp of p-adic numbers for every prime number p. This is the so
called local-global principle of quadratic forms. 1
Contrary to the above great success in quadratic case, many counterexamples to the
local-global principle have been discovered in higher degrees. For example, Selmer [12]
constructed the famous counterexample
3x3 + 4y3 + 5z3,
and Swinnerton-Dyer [11] constructed the counterexample
t(t+ x)(2t+ x)−
3∏
m=1
(x+ θmy + θ
2
mz) (θm := 2− 2 cos(2pim/7)).
For other counterexamples, see e.g. [1, 4–6, 8–10]. Among them, Mordell [9] and Jahnel
[10] generalized the above construction by Swinnerton-Dyer to infinite families of cubic
forms of 4 variables.
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1 [1] is a well-written expository article on the local-global principle.
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2In this paper, we imitate the above construction by Swinnerton-Dyer to obtain new
explicit infinite families of counterexamples to the local-global principle. It is contrastive
to Swinnerton-Dyer’s original construction that we do not need any concrete calculation
in the proof of local solubility. Indeed, we shall deduce it from the Hasse-Weil lower bound
to the number of Fp-rational points on non-singular projective curves over Fp. Moreover,
unlike [9] nor [10], our construction gives explicit counterexamples of different dimensions
at one time. Note also that any one of our counterexamples (even restricted to N = 7) is
contained neither in [9] nor [10].
Theorem 1.1. Let n be a positive integer such that N = 4n + 3 is a prime number.
Let α0, α1, ..., αn−1, β, γ be integers such that β ≥ 1 and 2 ≤ γ ≤ 2n. Set θm = 2 −
2 cos(2pim/N) (m = 1, 2, ..., 2n+ 1). Assume that
(1) α0(α0 + 1) is divisible by every prime number smaller than 4n
2(2n− 1)2 except for
N ,
(2) α0(α0 + 1) ≡ ±1 (mod N), and
(3) gcd(α0(α0 + 1), α1) = 1 if n ≥ 2.
Then, the following polynomial is a counterexample to the local-global principle of homo-
geneous forms of γ + 2 variables of degree 2n+ 1:
t(α0t
n+
n−1∑
i=1
αiNt
n−ixi+Nβxn)((α0 + 1)tn+
n−1∑
i=1
αiNt
n−ixi+Nβxn)−
2n+1∏
m=1
(x+
γ∑
i=1
θimyi).
Remark 1.2. We can find infinitely many pairs (N,α0) for which the whole conditions in
Theorem 1.1 hold: Indeed, since the second condition is equivalent to (2α0 + 1)
2 ≡ 5,−3
(mod N), the quadratic reciprocity law and Dirichlet’s theorem on arithmetic progressions
ensure that we can find infinitely many α0 for which the second condition holds whenever
N ≡ ±1 (mod 5) or N ≡ 1 (mod 3). Therefore, the Chinese remainder theorem ensures
that, for every prime number N satisfying N ≡ 3 (mod 4) and N 6≡ 2, 8 (mod 15), we
can find infinitely many α0 (with infinitely many α1 and other parameters) for which the
whole conditions in Theorem 1.1 hold.
Remark 1.3. It is plausible that our counterexamples may be explained by the Brauer-
Manin obstruction (cf. [10]). However, since our hypersurfaces have singularities in
general, such a geometric argument should involve more technical calculations. One of
advantages of our proof is its almost purely-algebraic character, which depends on the
cyclotomic field theory, the Hasse-Weil bound, and Hensel’s lemma.
This paper is organized as follows: In the next section, we prove that our polynomials
have no non-trivial roots in Q in a more generalized form. The core of our proof of
the global unsolubility is exactly the same as Swinnerton-Dyer’s original proof (cf. §2)
although our counterexamples do not contain his counterexample itself. 2 In the third
section, we prove that our polynomials have non-trivial roots in Qp for every prime number
p in a more generalized form. This is sufficient to ensure the local solubility because our
polynomials have odd degrees e.g. with respect to t, and so have non-trivial roots in R.
2 Strictly speaking, our construction gives a generalization of the following cubic form, which looks like
Swinnerton-Dyer’s cubic form:
t(2t+ x)(3t+ x)−
3∏
m=1
(x+ θmy + θ
2
mz) (θm := 2− 2 cos(2pim/7)).
32. Global unsolubility
In this section, we prove the following theorem, which implies that our polynomials in
Theorem 1.1 have no non-trivial roots in Q.
Theorem 2.1. Let n be a positive integer such that N = 4n + 3 is a prime number.
Let α0, α˜1, α˜2, ..., α˜n−1, β be integers such that β ≥ 0. Set θm = 2 − 2 cos(2pim/N) (m =
1, 2, ..., 2n+ 1). Assume that α0(α0 + 1) is prime to N . Then, the polynomial
t(α0t
n +
n−1∑
i=1
α˜it
n−ixi +Nβxn)((α0 + 1)tn +
n−1∑
i=1
α˜it
n−ixi +Nβxn)−
2n+1∏
m=1
(x+
2n∑
i=1
θimyi)
has no non-trivial roots in Q.
Proof. We prove our assertion by contradiction. Suppose that (t, x, y1, ..., y2n) 6= (0, ..., 0)
is a non-trivial root of the above polynomial.
First, note that t 6= 0. Indeed, since [Q(θm) : Q] = 2n + 1, t = 0 implies that x =
y1 = · · · = y2n = 0, which is a contradiction. Therefore, we may assume that t and x are
coprime integers by multiplying t, x, y1, ..., y2n by a same suitable rational number. Here,
note that y1, ..., y2n are not necessarily integers.
Next, we prove that
∏2n+1
m=1 (x+
∑2n
i=1 θ
i
myi) is prime to N by contradiction. Suppose that
it is divisible by N . Then, since the above product is a norm of x+
∑2n
i=1 θ
i
1yi with respect
to Q(θ1)/Q, and θ1 generates the unique prime ideal over N , we see that x+
∑2n
i=1 θ
i
myi is
divisible by θ1 for each m. Since the θ1-adic valuations of x, θmy1, ..., θ
2n
m y2n are distinct,
we see that all of y1, ..., y2n are θ1-adic integers. Hence, x is divisible by θ1, so by N .
However, since we assume that α0(α0 + 1) is prime to N , we see that t is also divisible by
N , which is a contradiction. Therefore,
∏2n+1
m=1 (x+
∑2n
i=1 θ
i
myi) is prime to N .
As a consequence, we see that t, α0t
n +
∑n−1
i=0 α˜it
n−ixi + Nβxn, and (α0 + 1)tn +∑n−1
i=1 α˜it
n−ixi + Nβxn are pairwise coprime integers. On the other hand, their product
is a norm of an algebraic integer x+
∑2n
i=1 θ
i
myi, each of themselves must be the norm of
an integral ideal of Q(θ1). Suppose that t has a prime divisor q whose residual degree in
Q(θ1)/Q is e. Then, the q-adic valuation of t must be divisible by e. Moreover, the residual
degree of q in Q(exp(2pii/N))/Q coincides with the order of q (mod N) in (Z/NZ)× (cf.
[2]). Therefore, we must have t ≡ ±1 (mod N), and similarly for the other two factors.
However, this implies that
(±1)n ≡ tn =
(
(α0 + 1)t
n +
n−1∑
i=1
α˜it
n−ixi +Nβxn
)
−
(
α0t
n +
n−1∑
i=0
α˜it
n−ixi +Nβxn
)
≡ (±1)− (±1) (mod N),
which is a contradiction as desired. 
We may also prove the following theorems in similar manners:
Theorem 2.2. Let n ≥ 2 be an integer such that N = 4n + 1 is a prime number. Let
α0, α˜1, α˜2, ..., α˜n−2, β be integers such that β ≥ 0. Set θm = 2 − 2 cos(2pim/N) (m =
1, 2, ..., 2n). Assume that α0(α0 + 1) is prime to N . Then,
t2(α0t
n−1+
n−2∑
i=1
α˜it
n−1−ixi+Nβxn−1)((α0+1)tn−1+
n−2∑
i=1
α˜it
n−1−ixi+Nβxn−1)−
2n∏
m=1
(x+
2n−1∑
i=1
θimyi)
has no non-trivial roots in Q. 3
3 Indeed, since we assume that N > 5, we can deduce a contradiction from tn−1 ≡ (±1)−(±1) (mod N)
and (t2)n−1 ≡ ±1 (mod N). On the other hand, if N = 5, our polynomials become quadratic polynomials,
hence the global solubility is reduced to the local-solubility via Minkowski’s theorem.
4Theorem 2.3. Let n ≥ 2 be an integer such that N = 2n + 1 is a prime number. Let
α0, α˜1, α˜2, ..., α˜n−2, β be integers such that β ≥ 0. Set θm = 1 − exp(2piim/N) (m =
1, 2, ..., 2n). Assume that α0(α0 + 1) is prime to N . Then, the polynomial
t2(α0t
n−1+
n−2∑
i=1
α˜it
n−1−ixi+Nβxn−1)((α0+1)tn−1+
n−2∑
i=1
α˜it
n−1−ixi+Nβxn−1)−
2n∏
m=1
(x+
2n−1∑
i=1
θimyi)
has no non-trivial roots in Q. 4
Remark 2.4. The Chevalley-Warning theorem (cf. [7], [13, Theorem 3, Ch. I]) ensures
that the polynomials in Theorems 2.1, 2.2, and 2.3 modulo p has a non-trivial root in Fp
for every prime number p.
3. Local solubility
In this section, we prove the following theorem, which implies that our polynomials in
Theorem 1.1 have non-trivial roots in Qp for every prime number p.
Theorem 3.1. Let p be a prime number. Let n be a positive integer such that N = 4n+3
is a prime number. Let α0, α1, ..., αn, β1, ..., βn be integers. Set θm = 2 − 2 cos(2pim/N)
(m = 1, 2, ..., 2n+ 1) and
f(t, x, y1, y2) = t(α0t
n +
n∑
i=1
αiNt
n−ixi)((α0 + 1)tn +
n∑
i=1
βiNt
n−ixi)
−
2n+1∏
m=1
(x+ θmy1 + θ
2
my2).
Assume that
(1) α0(α0 + 1) is divisible by every prime number smaller than 4n
2(2n− 1)2 except for
N ,
(2) α0(α0 + 1) ≡ ±1 (mod N), and
(3) gcd(α0, α1) = gcd(α0 + 1, β1) = 1.
Then, the projective surface S defined by f(t, x, y1, y2) has a Qp-rational point.
Proof. First, note that S has a Qp-rational point whenever p ≥ 4n2(2n − 1)2 (> N) and
p is prime to α0(α0 + 1): Indeed, since in this case the polynomial
f(t, 0, y1, y2) = α0(α0 + 1)t
2n+1 −N
2n+1∏
m=1
(y1 + θmy2)
defines a non-singular curve of genus n(2n−1) over Fp, the Hasse-Weil bound (cf. [3], [14])
ensures that it has an Fp-rational point. Therefore, Hensel’s lemma (cf. [13, Corollary 1,
Ch. II]) ensures that S has a Qp-rational point. Thus, it is sufficient to consider the cases
where p < 4n2(2n− 1)2 or p divides α0(α0 + 1)N . By the first assumption, the first case
is included in the second case.
Suppose that p (6= N) divides α0. Then, the polynomial
f(1, x, 0, 0) ≡ α1Nx+ · · ·+ αnβnN2x2n − x2n+1 (mod p)
4Indeed, we can deduce a contradiction from tn−1 ≡ 1− 1 (mod N) and (t2)n−1 ≡ 1 (mod N).
5has a root x = 0 in Fp, which is not a zero of the x-derivative since we assume that α1 is
prime to α0. Therefore, Hensel’s lemma ensures that S has a Qp-rational point. The case
where p divides α0 + 1 is similar.
Finally, suppose that p = N . Then, the polynomial
f(1, x, y1, y2) ≡ α0(α0 + 1)− x2n+1 (mod N)
has a root x = ±1 in FN since we assume that α0(α0 + 1) ≡ ±1 (mod N), which is not
a zero of the x-derivative. Therefore, Hensel’s lemma ensures that S has a QN -rational
point. This completes the proof. 
Remark 3.2. If we replace N = 4n + 3 to 4n + 1 or θm = 2 − 2 cos(2pim/N) to 1 −
exp(2pim/N) as in Theorems 2.2 and 2.3, then we obtain a counterpart of Theorem 3.1.
The detail is left to interested readers.
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